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Problem③ Continued What have we done so far ? for OCX11.

& LUEThe for fe ("" company supported, ge (CI). , G22 satisfying exterior ball condition,
we've establishedue CY2)4 (i) unique solution

Today we start with
Moreover

, using singular integral approach · We gain interior <"estimates.

Global Regularity and ask whether our unique solution lies in (1)?

Step 1 Boundary Estimates on half Balls 1111-this upper half Ball
we denete BT

.

Lemma let ne CEBINCET) , 10 on Exno).
solve 44=f BI

·

with fect) with compact support in B1.

then we want estimate [n]( .)(f)
All bad things happen because there could be "cut" in the force term.

->
our force f
& strategy : to extend force ,

Newtonian Potential~ and Harmonic Part.



Morally we still want U= W + &
,

w = YAf , v harmonic function.

leverage n=0 · (0) · design t sowo on (no) ·

thus i = x-i =0 on Ex=03.
use Green's function use Schwartz Reflection.

IRA②Recall Green's function Gene .y)
:= Psy) thup whe <hi-x exis.

- Ex h
Define reflection point x

*
= (X1 .... xn-1 ,

- Xn) * X EIRY 7

X

-
then G(xys = Pxly) - Tyxly) = T(x-y) - T(x*y)

6
-E =h on Exo) - x* Refine w(x) : = Sphix,yfugdy · so that =o (xn =0).

② Reflect force XEB,
+

-> preserves Holderevenly [(x) = Se - xu) xEBT (x= 2) (= 03 W= -1)

continuity.

=>(x) =Sp+ (xy) - Tex=y)) figidy = Sp++x-y)Iy
*) fundy

,

use radial symmetrynote S
Bi
+ Tx-y

*

>fryidy =Sp T-y)Flyldy by change of variables.

thus wix)= JBiT-yefugdy- SosiTix-yiFepdy = 2 STxyfgdy - SoxyFydy



the above has two parts ! FCCBD) so the second part has good estimate
What about first part ?Wet wax) := SotExy,fryidy·

Gjw() =Six-yf(x)dy + f(x) (opb:x-y) rjdsy).
ined .

To see second part, Holder regularity ensunz welldef w outward normal
We use divergence theorem SitijTxyidy = JoiTy> UjdSy) , then send as 0.

Note SB,
+
= (OBIMIRE) UC B , nUR)

- When XEB(i) But Ujk* = 0 VJEn .

Since W = 10 ,
.

.

.. 0,
-17

.it
↓ ↓ => all mixed derivatives contribute O on OIRI

.

BIMDIR iswhat
matters this doesn'tmatter and the estimate fully inherits from singular integral in Bit.

since stays Yo (ii) for pure normal derivative
distance away. Onnw = f - w use equation !

Duncll gi E filos+You I "fll good
To conclude for . 11Dijulgi = ( .)f"



③ for v = n-w . (4v = Bit -that ve synios is crucial

v =0 BIM(X0) . assumption for Schwartz

reflection to preserve harmonicity
-

Schwartz Reflection extends o to it defined in B1 st . 40 = 0 By
(odd reflection)

XE Bit (i = 4 BT
.

f(x) : =[/ -xn) x=B easily cheek MVP is satisfied on Exn=03 !

Now use gradient estimates for harmonic functions.

"vIlg) :I *(c)
=Cna) ( us+"fit)

Finally. writing U=+T
.
the desired estimate (A) follows E

Now we have our Boundary estimates on Biy-
Can we conclude Global c regularity ? NOT Now !



Assume our ot is ca.

Idomain deformation.

E(BMS)hut- 1
L

⑧

Brio) I( B(o)MG)
sure- this we can always do.

BUT our equation changes !!!
Say y = ECX). I clocal Diffeomorphism.
then assume qu = f in 2 . define Eny) = xex) , Fiy) : f(x)
so 0 :2 = Gambi .

6 : n = GueDEE + DnGigE" .

j
and is solves ::Pen + 4 Din = F
this is not poisson's equation. and currently we can do nothing about it.



However we can solve on Balls.

Step 2 : Global (Regularity on Balls
There is some special Domain transformation Kelvin Transform that preserves the equation !
Ifi = B

,
(en) consider XEB

,
(en) 1 X

*

= reflection point.
one can check [xn> + 3 = <X* /xEB , (en)] .

1) I) lit 1/IIII half plane is "Kelvin Transform" of unit Ball .
2-n

moreover , consider m
*
CX) := 1) v(X

*

) * Xn>Y · (notice (x * 1*: x]
one may check Du= Ixin-2f(x*) ,

still solves Poisson's equation in Exm>>
provided Gu= f in Bilen)

Thus Lemma 1.
4u = f B1 feci ge

Boundary estimate onHalf Ball applies So I u = g uBI E ! ne[iBi)
(*) ,

Problemis solvable
with 12/zi) Cnid(141lga + if /(0 -2)



Problemdig uniformly eliptic ,
i . e
., i1stcaibjISR USER"10S.

&Ix
: = aijijh + bibinte=f e we alwaysassumedigunit elliptica
u = gar

Theorem faij . bi . c .fe) · gen) . e "Domain ,
and Maximum Principle holds

then E ! ne (2) solution and Hall(n .. 1)(g
Some immediate Remarks
I = 4 with of Ch is a special case ,

but solves Problem on general ("domains.
ii) to prove the theorem ,

we need thefact that Problemis solvable on Balls.

The ingredient combines Method of ContinuityE A priori Estimates.

ii) that Maximum Principle needs to hold is essential !



Method of Continuity let Lo
. La : X-Y be bounded linear operators.

Banach T nored rector space
spaceconsider a family of operators 2t : = D-t)Lo + the : X-

Y

.
Assume that we know (i) 11 X11

x
- C. "Lexly Xt to .g] , XXeX

[ ci) Lo is invertible , i . e,, Lo bijative, 11 bounded.
Then La is invertible. linear .

Proof What dowe mean by It invertible? VyeY.
E ! XEX st . Lexiy,

But 2 tX = y (=> Lox = y + +Co-( , ) X

1=)*y + t . L<Lo-L) x
By assumption (i) invertible

=> it sufficesto show fixed point existsforT
· Define as TV

Since X is Bana space,
me use contractionMapping Theorem

: it suffices to show 11T 11 < 1.

- X .
XzEX

. "Tx-TXay=t - llLocLo-L, ) [X-XuIll @Ct11Lo-LKXixill yX
(i) estimate on 20

& C. t . (1) Loll + "(1) "X-Xelly < "X1-Xally
IBy taking t < -Cell + 11(, 11) = 6 But this S is uniform in XEX

,
teto2]. Push allthewato



In practice , what are our X ,

Y

. Lo . La
,
and estimate (i) ?

O up to subtracting u-g . we treat Ig =C as force . Hence WLOG. assume to so

Refine X :=C) = que) /vo onde] · Yi = (ii)

② Lo = 1 Laplace operator is our most natural choice.

L= 2 non-divergence from uniformly elipth- operator is our target.
part of our assumption& What's missing to apply

Method of continuity ? ↓ Reason it'sclean
11

(i) A priori Estimates. 11UC = C . 112tU/goin) ↓ tEto .1] .

useC
Recall It= D-+)20 + the : So we're really looking for estimates.

for 2 solution to either E Lue thatMulle & (Ullgie + "f"iii)
& luf ②C.fin)

(ii) Inventibility of Lo = / requires maximum principle.
we've solved problem on Balls . But we haven't

done so for general Domains.



· A priori Estimates -> part of the assumption !

Theorem Let neCrole) be solution to In = aligh + bibin + ch =f ,chO

with any mit. elliptic , and hig .

bi
. 2 . fel. - C.

Then E C = CCu . X .
2. data) To sit :

11211(2) = (lucin + "f"c]
notice we do not assume for maximum principle.

Let's only prove for the interior version . Method of Freezing Coefficients.
Lemma Let neCB1) solve aglight bibinter if B1

. aguntfeliptk . NataC

then ES =S(n .a) To small
,

and C =Cn . x . 2)>

sit - Whenever llay-Sigg .d
,

11 billgo . d 11 (1
, 0

.c
= 6 (*3

one has pullgby) = C (IU + "f"cocis)
(8) is to assume our operator L is "small perturbation" of Laplace
↳ Hence the estimate should "morally" look the same as that of Laplane's

Why makes sense to assume ? By rescaling ! Ur(x)= urx) EXEB1.



proof WLOG assume aco)
= Sig .

then

aigloszijn = (p102- aij)Gijh-bibin-(x +f
=: F , thistake thetion !
-

so estimate for Laplane writes

1121l() = & (Inc+ "Flc) In fact , this step uses assumption we(?

C= C(ullg0 + #ag-sijga"fighoatbla" Jirigat "Co ./%. at "fo - 6

- -

= S SS S

Recall Interpolation for Holder Spaces. 5 ST0
.
EC(E)30 St

.

11 ull(2) => (2) n//(%) + &[DuT(02)
So []gi) = C(1mg + 11f"( .d) +CS[D7(3/4) [W]

-

-

it is very annoying thatthedomanon
Ris is larger.
absorb .

We can use a trick [D](44) = (n) sup [Bu] jiByg(*)
Byg()-B3/4

shrink the domain on BHS.
at the cost of "recentering".

We WLOG assume Mullic) + "f"CS) = 1 . By dividing by large constant.



Rescaling UriX) := Mrx) XXEB , we ask how equationUr solves

hitting derivatives on urCE) = UCX) VXEBr and we Zuif Bo

to obtain that

aijcrfjMp + rbir62o + rox) Mr = rfirx) B1 .

my coefficients still satisfy <&) upon choosingI sufficiently small.

now what happens if I bring myir into Cas ?

+[Pn](y) - C (mBy+
+*f) +-.sup [D])

u BryBe
=> [D] jcyox) = C. 3 +.M . [DPjBy(X1) for someBy Bar(0)
Refine Sequence Xo = 0. ↓ -k20

& rx
= E : 22

BXk+B3ry(X
-121 where [D]cr] achieve sup.

their we obtain
Rather @k : = [DE)(Bric(X))

.

Ok = M .20 +M. Ak+ 1 Viz



Recall our goal is to show Ea small
, 2To universal

set Go = C . uniformly inReCB1T.

Assume for contradiction do> C for C of our choice.

their & > &GK for 6>1 universal
Base Case satisfied
assume for K. akH = k (ax - M . 26)

indutva) (6-M2") C . k+

want tohypothesis. 7 ensure

pick for example M =2

6 [20 ,
27)
M

choose C) 1 -us sufficiently large
So that Iim Al = N.
k

But the limiting point Xx= limXKEBy.Reachbtradtion
up to subsequences.



· Boundary a priori estimates follows same procedure

from Bounday
21* estimate for Poisson's Equation on half Balls.

· Global a priori estimates follow by covering with balls.

only elliptic non-divergence form equations with goand that the class of unil
officients remains invariant under (2 "Domain Reformations.

This concludes the proof of Globa A priori Schamber estimates
& But now . What about Invertibility of Lo: Y
With the help of a priori estimates + method of continuity + Problem solvable
we solve problem S 2x= aifigh

+ bibin+m = f Bi

If Coefficients ,
and maximumprinciple holds u

=

g aBi

↳! we c) with 11 (n .2 . + . 1) (If"+ 119")



Now. What about general domains of that are c 7.

It suffices to ensure Lo =D is inventible
, i .e, for fect). get

[!St
In other words , it suffices to solve Problem completely.
What do we have ? nec"ir) nci) needto upgrade to GlobalC

Ea ICRB)

- -S But D

"O Di Ely) = x(x)
y =E2X) ElmBr)

in solves [i := 0::Gen + LEDin = F in Bit
Data in on &B ,

t ?But what is Boundary
only ne CCBID (i).We assume



2 , 2claim& one may solve &Le fg
D for D C . Ddiffcomorphic

Problem 2D to a Ball-

this can be down directly with the help of Lo =@ inventible on D
a priori estimates+ Method ofContinuity + this is resolved due to

Problem is solvable
Claim 2 take D as such domain differmophic to Balls

that covers B.

By our assumption .
In is only continuous up

to CD
.

Call girl 2D
Now approximate (413[C"D) bounday data that is uniformly bounded (*).

Sit : 1191-g"COD) +
0

·

for each &Ksolve like this is solvable because
~

f D E!Ken Problem # is solvable ·

m = y( 2& kn
=

with 11Fall c =C (F .
c
+Yel (i) 28)



Now , what about this family of <un]- ) ?
* [ &-ur)

=o D
By Maximum Principle

k-ul = 4k-yeD link-Fell() = 1191-yello to
there E! ECCD) sit - nin-ulci) to
-

whichofcourse coincides
with our original in

· But one also has the Estimates (*]
1Y & C . uniformly bounde in K.

Now By Asceli-Arzela , the limit in ECE).
In particular B

,
M[Xn=03 [ &D ,

3/)
(In . C

.I
,
data)("F+)



With the Boundary estimates one may go to Global (estimates.

= Problem is solvable forwe (ii)

=> Problem is solvable for ut:

using a prior estimate + methed of continuity + Problem solvable

E

A Remark on importance of Maximum Principle.11

consider for example qu
+ u = 0 (0 , it)

general solution takes the formwo) = 0

u(x) = 2 nct) = A sinet + B coset)
Butu(o) = B = 0

No solution
Maximum Principle holds in general when n(T)= - B =1 =

to this
250 or for some Co = Coin .

2 . 1/30
.

2 : Co contradiction. Dirichkuf problem .


